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Abstract

This paper presents a procedure for estimating daily global solar radiation for inclined surfaces having specified slope and aspect
for application with surface energy balance models for determining evapotranspiration. Procedures are provided for developing
clear sky solar curves and for translating measured solar radiation from a horizontal surface to slopes. The procedure assumes an
extensive surface having uniform slope at each point of calculation, so effects of protruding surrounding terrain are not considered.
This simplification of terrain aids the application of the procedure within image processing models used for surface energy balance
and evapotranspiration calculations, allows the use of a purely analytical solution, which is useful for some types of software, and
provides sufficiently accurate results for terrain having gradual to moderate changes in slope. Extraterrestrial solar radiation is
computed using an analytical solution for 24-h periods. New developments reported here include a detailed procedure for
determining integration limits for the analytical solution that applies to all combinations of slope, aspect and latitude, including
steep polar facing slopes where the sun may appear twice per day. Use of clear sky transmissivity procedures from ASCE-EWRI that
calculate direct beam and diffuse radiation components separately as a function of elevation, sun angle and precipitable water
reduces or eliminates the need for local calibration. Other developments include an improved function describing the reduction in
hemispherical diffuse radiation with slope and adjustment of mean daily beam transmissivity using a weighted mean daily solar
elevation. Simulated clear sky solar radiation envelope curves and translated measured solar radiation compare well with
measurements from two locations in the U.S. over a range of slope and aspect.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

The amount of solar radiation received by a given
surface is controlled, at the global scale, by the
geometry of the earth, atmospheric transmittance, and
the relative location of the sun. At the local scale,
radiation is additionally controlled by surface slope,
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aspect and elevation. Estimation of clear sky solar
radiation for sloped surfaces is important in remote
sensing applications involving energy balance and ET
estimation, which need an estimation of total energy
striking a given surface. Most solar radiation (Rg)
information comes from weather stations located in flat
areas, so that estimation of Rg in sloped surfaces is
generally based on models. On inclined surfaces, the
total (global) radiation reaching the surface consists of
the sum of three components: direct (beam) radiation,
which is the part of solar radiation that is not absorbed
or scattered by the atmosphere and that reaches the
surface directly from the sun; diffuse radiation, which
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originates from the solar beam, but is scattered toward
the surface; finally, a relatively small component of
radiation reflected from ground surfaces in view of the
inclined surface that becomes incident to the inclined
surface in diffuse form. This component is modeled as
hemispherical reflected radiation from a horizontal
surface lying below the incline.

The calculation methodology described here builds
on previous analytical models by Revfeim (1978) and
Tian et al. (2001) by providing exact integration limits
for 24-h periods that apply to all uniform slopes, aspects
and latitudes and by developing 24-h clear sky solar
radiation from extraterrestrial radiation utilizing a
weighted sun elevation angle over the 24-h period for
estimating direct and diffuse transmissivities. The
methodology for estimating clear sky solar radiation
does not require solar radiation measurements and
applies to a wide-range of climates. The calculation
methodology involves two steps: (1) calculation of
extraterrestrial solar radiation (R,) for a given combina-
tion of slope and aspect and (2) calculation of clear sky
solar radiation from the extraterrestrial radiation. A
third optional step involves the use of the developed
functions to translate measured solar radiation, when
available, to sloping surfaces. Calculation can be made
for any instant or can be integrated over 24-h periods, so
that the functions for developing clear sky from R, and
for translating Rs measurements can be applied with
both numerical and analytical calculations for R,.
Numerical solutions of solar radiation models are now
common and can be implemented in a wide range of
programming and image processing environments.
Most solar models using hourly or shorter timesteps
are solved numerically. An analytical solution for solar
radiation, as described in this article, is sometimes
preferred over numerical solution, for example when
non-iterative or non-looping algorithms are necessary
for purposes of model qualification by government
entities, where a sequential model procedure is
amenable to description and solution in a report format,
such as with some models and documents associated
with the Yucca Mountain radioactive waste repository.
Analytical solutions can be used to confirm numerical
solutions and permit the translation of solar radiation
measurements reported on a 24-h basis.

The procedure produces solar radiation estimates
that are generally within the uncertainty of surface
energy balance and evapotranspiration estimation
procedures. A benefit of the procedure is that no local
or regional calibration is required. The simplification of
the terrain via the assumption of uniform extensive
slopes, without considering the possibility of cast

shading, might lead to some gross errors in cases of
rough terrain. For example, in very rough terrain, some
areas may not receive any direct radiation during the
whole year, even if facing south because of high
obstacles surrounding them. The effect of obstacles is
largest during periods of low sun. These extreme
examples are rare but may be important in some
applications. Under these conditions, GIS-based solar
models that consider impacts of terrain shading, such as
by Flint and Childs (1987) and Fu and Rich (1999), are
recommended.

2. 24-h extraterrestrial solar radiation

Extraterrestrial solar radiation at any instant of time
during daylight is a function of solar incidence angle:

Gsc cos 6
o
where Gsc is the solar constant (1367 W m~2), d the
relative earth—sun distance in astronomical units, and
cos 01is the cosine of the solar incidence angle relative to
the normal to the land surface. The land surface is
assumed to be represented by a plane having slope s

and aspect y.
Parameter d is a function of day of year and can be
calculated using Duffie and Beckman (1991):

1

1 +0.033 cos(D%’g'SZ”)

R, = ey

d* = 2)

where DOY is day of year and (DOY27/365) is in
radians.

A full equation for computing the instantaneous
angle of incidence for beam radiation on sloping
surfaces is taken from Garner and Ohmura (1968) and
Duffie and Beckman (1980):

cos 6 = sin(8) sin(¢) cos(s)
— sin(8) cos(@) sin(s) cos(y)
+ cos(8) cos(¢) cos(s) cos(w)
+ cos(8) sin(g) sin(s) cos(y) cos(w)
+cos(s) sin(y) sin(s) sin(w) )

where § is the declination of the earth (positive during
northern hemisphere summer), ¢ the latitude of the
pixel (positive for the northern hemisphere and negative
for the southern hemisphere), s the surface slope, where
s = 0 for horizontal and s = 7z/2 radians for vertical slope
(s is always positive and represents the slope in any
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direction), and y is the surface aspect angle, where y =0
for slopes oriented due south, y = —n/2 radians for
slopes oriented due east, y =+n/2 radians for slopes
oriented due west and y=+m radians for slopes
oriented due north. Parameter w is the hour angle,
where @ =0 at solar noon, w is negative in morning
and w is positive in afternoon. When applying (3) for an
instant in time (i.e., for numerical-based solutions), w
deviates from local time according to seasonal correc-
tion for time given, for example, by Duffie and Beck-
man (1980, 1991) and repeated by ASCE-EWRI (2005).

For applications to strictly horizontal land surfaces,
where slope is zero and aspect is not relevant, Eq. (3)
reduces to:

oS Ohor = sin(8) sin(¢) + cos(8) cos(¢) cos(w) 4)

where cos 6, is the cosine of the solar incidence angle
relative to the normal to a horizontal surface. Eq. (3) can
be integrated between two daytime sun-hour angles, w;
and w,, to provide total extraterrestrial radiation during
the period when used with Eq. (1):

)
/ cos(f) dw
)

= sin(8) sin(¢) cos(s)(wr — wy)

— sin(8) cos(¢) sin(s) cos(y) (w2 — 1)

+ cos(8) cos(¢) cos(s) (sin(w;) — sin(w;))
+ cos(8) sin(¢) sin(s) cos(y)(sin(w,) — sin(w;))
— cos(8) sin(s) sin(y)(cos(w,) — cos(wy))

®)

When w; and w, of Eq. (5) are setequal to wy,, and w,,,,
defined as the beginning and ending sun-hour angles
when the sun’s beam first and last strikes the particular
surface, the associated equation for 24-h extraterrestrial
radiation, R,,,, is:

Ggc [

o=

cos(9) dw (6)

@log

where the integral is computed using (5) with limits w,,
and wy,,. The solar beam angle is assumed to originate
from the center of the solar disk. This assumption
causes little error in 24-h estimates of solar radiation
because radiation intensity normal to the earth’s surface
is low during at least one of the integration limits. Use of
the center of the disk approximates for partial disk
visibility for some minutes after the center of the disk
appears. Some diffuse radiation, described later, occurs
prior to visibility of the sun’s disk. However, this

radiation amount is very small relative to daily total
solar radiation, generally being less than 0.1%.

2.1. Two periods of beam radiation within a day

The integration of Eq. (5) and application of Eq. (6)
presume that there is a single, continuous direct beam
period during the day. In areas having steep slopes away
from the sun, one must identify situations where the sun
beam strikes the surface during two separate portions of
the day. This situation can occur on relatively steep
slopes facing away from the noontime sun during
summer. In these situations, the slope may see the sun at
sunrise, but then have the sun disappear behind the slope
during midday, and then reappear before final sunset

To test whether a situation of two periods of direct
beam radiation can potentially occur, the following
Eq. (7) is solved, and if true, then the slope exceeds the
solar angle at solar noon and the possibility exists for
two periods of direct beam radiation:

sin § > sin ¢ cos § + cos ¢ sin § @)

If Eq. (7) is true, then the sequence of conditionals
described in Appendix A, step D, should be applied to
confirm that midday shading does occur so that two sets
of integrations can be calculated and applied. These
types of integration limits have not been reported else-
where.

For a horizontal surface, w1,, and w»,, are equal to
—wg and ws, where —wg is sunrise time angle and wg is
the sunset time angle calculated as:

ws = arccos(—tan(8) tan(¢)) (8)

where, by definition, w = 0 at solar noon.
2.2. General integration limits for Eq. (5)

The following integration limit procedure presumes
that the slope extends in all directions. This presump-
tion allows the application of the analytical solution to
calculate 24-h extraterrestrial and short wave radiation.
Some approaches have used discretized elevation maps
to locate maximum terrain angles for complex terrain
(Swift, 1976; Dubayah et al., 1990; Varley et al., 1996).
However, these latter applications require numerical
integration of (3) and the use of a special spatial
database and processor. The simplification of terrain
aids in application within image processing models and
spreadsheets used for surface energy balance and
evapotranspiration calculation, since only a single cell
within an image needs to be processed, and provides
sufficiently accurate results for these types of applica-
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tions. Single cell processing can be important with some
types of satellite images such as Landsat that contain
more than 25 million cells.

For many slopes, the sun-hour angle where the solar
beam first strikes or last strikes the slope occurs when
cos(f) =0. For a sloping surface facing away from
sunrise or facing away from sunset, cos(f) = 0 occurs
after sunrise or prior to sunset. For a sloping surface
facing toward the sunrise, the sun-hour angle where the
solar beam first strikes the slope is when w = —wg. In
this situation cos(#) # 0 at the initiation of solar beam
incidence to the slope. For a sloping surface facing
toward the sunset, the sun-hour angle where the solar
beam last strikes the slope is when w = ws.

For situations where the slope faces away from the
sun at horizontal sunrise or away from the sun at
horizontal sunset (3), can be solved for cos(w), given
cos(f) = 0 to find the potential integration limits for the
day:

cos(w)
sin(8) cos(¢) sin(s) cos(y) — sin(8) sin(¢) cos(s)
_ —cos(8) sin(s) sin(y) sin(w)
cos(8) cos(¢) cos(s) + cos(8) sin(¢) sin(s) cos(y)
©)

Eq. (9) has w on both the left hand and right hand sides
and can be re-expressed as:

cos(w) = g - % sin(w) (10)

where a, b, and c are constants for a given day, latitude,
slope and slope azimuth:

a = sin(8) cos(¢) sin(s) cos(y) — sin(8) sin(¢) cos(s)

(11a)

b = cos(8) cos(¢p) cos(s) + cos(8) sin(¢) sin(s) cos(y)
(11b)

¢ = cos(8) sin(s) sin(y) (11c)

Squaring both sides of (10) and solving for sin(w)
using the quadratic solution:

2
o () 8)(e )
c2
2(i+5)

Both solutions from (12) are useful, as they potentially
represent the times of sunrise and sunset for the sloping

sin(w) =

12)

surface. The preliminary predictions to sin(w), simpli-
fied by canceling of common terms, are:

ac — bV b* + 2 — a2
b + 2

sin(wi,,) = (13a)
ac + bV + 2 — a?

13b
b + 2 (130)

sin(wy,,) =

where w,, and w,,, are candidate values for sunrise and
sunset hour angles for use as limits in Eq. (6). These
limits are valid if there is only a single period of beam
radiation in a 24-h period. This is generally valid for
west, south and east facing slopes (in the northern
hemisphere). Eq. (13) has similar form to solutions
by Klein (1977) and Duffie and Beckman (1980,
1991), but can be wused in association with
Appendix A to determine multiple integration limits
for when the sun strikes twice per day or to determine
when there is no beam radiation on a steep surface
during fall and winter. In application of (13a) and (13b),
the expression under the radical must be limited to non-
negative values.

During solution of (13), an efficient recalculation of
(3) is possible using variables a, b, and ¢ from (11), if
previously calculated:

cos(0) = —a + bcos(w) + csin(w) (14)
Eq. (14) is equivalent to Eq. (3).

2.2.1. Refinement to the integration limits

Appendix A refines integration limits to Eq. (5)
derived initially from Eq. (13) so that they correctly
apply for all combinations of slope, aspect and latitude.
These refinements were not utilized in previous models
of Klein (1977), Revfeim (1978), Tian et al. (2001), and
Duffie and Beckman (1980). The calculations for
integration limits from (13a) and (13b) serve as
candidate limits for w,, and w,,,. However, two angles
w; may exist that have the same sin(w;) value. This
occurs because o is defined as w = 0 when facing due
south in the northern hemisphere. Therefore, two solar
angles can exist, one north of east and one south of east
that have the same sin(w;) value, but different value for
;. The same applies for w,. Therefore, a search must be
performed using (3) and wg to determine the correct
value for wy,, and w,,,. In addition, two periods of
direct beam radiation can occur per day for pole facing
slopes where Eq. (7) is true. Appendix A describes the
solution for the two sets of integration limits necessary
to determine 24-h total extraterrestrial radiation, as
described in Appendix A.
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3. Calculation of clear-sky solar radiation

Clear sky solar radiation, Ry, (W m %) is often
simulated as:

Rso = RaTswo (15)

where R, is extraterrestrial solar radiation (W m~?) and
Tswo 1S the broadband atmospheric transmissivity for
shortwave radiation for cloud-free conditions (dimen-
sionless).

Allen (1996) presented an approach for 7, and later
updated in ASCE-EWRI (2005) that does not generally
require local calibration or local coefficients. The
methodology separately calculates transmissivity for
direct beam and diffuse radiation:

R
Tswo — R_m = Kpo + Kpo (16)

a

where Kpg, is the clearness index for direct beam
radiation for cloudless conditions and Kp, is the index
for diffuse beam radiation. Kg, is calculated in ASCE-
EWRI (2005) considering the effects of sun angle,
elevation and water vapor on the effective optical mass
of the atmosphere impacting the absorption or scatter-
ing of short wave radiation as:

—0.00146P wo\*
Kpo = 0.98exp| ———— — 0.075 (—) }

K sin sin 8
a7

where K; is an empirical turbidity coefficient,
0 < K; < 1.0 where K;=1.0 for clean air (typical of
regions of agricultural and natural vegetation) and
K. =0.5 for extremely turbid, dusty or polluted air,
P the atmospheric pressure (kPa) computed as a
function of elevation, S the angle of the sun above
the horizon (radians), and W is the equivalent depth of
precipitable water in the atmosphere (mm). The form
of Eq. (17) stems from Majumdar et al. (1972), with
coefficients updated by ASCE-EWRI (2005) for appli-
cation across the U.S. W is computed in the ASCE-
EWRI (2005) procedure following Garrison and Adler
(1990) as:

W =0.14e,P + 2.1 (18)

where e, is actual vapor pressure (kPa).

The diffuse radiation index Kpy, , under clear sky or
near clear sky conditions is defined as Kpo,,, = Rpo,,,/
R,, where Rp,,  is diffuse clear sky radiation on a
horizontal surface. Kp,, , is computed by ASCE-EWRI
(2005) as a function of the direct beam coefficient using
relationships developed by Boes (1981), but with

coefficients determined by ASCE-EWRI based on 49
locations across the U.S. The ASCE-EWRI relationship
is expressed in three parts:

Kpoy, = 0.35 — 0.36Kp,,, for Ko, >0.15 (19a)

Kpo,, = 0.18 +0.82Kp,, for 0.065 < Kpo,. <0.15
(19b)

Kpoy, = 0.10 +2.08Kp,, . for K, < 0.065
(19¢)

where Kg,, . is a clearness index that is set equal to Kg,
from Eq. (17) when estimating for cloudless conditions
and using sin S defined for a horizontal surface. Eq. (19)
applies to both cloud-free and cloudy conditions; how-
ever, its accuracy is highest for estimating clear or
nearly clear sky conditions. A combined function
including Eq. (19a) and a function by Vignola and
McDaniels (1986) is presented later for estimating
Kp under both clear and cloudy conditions. Eq. (19)
agrees well with data from Liu and Jordan (1960) as
well as Boes (1981) and data by University of Oregon
(2005), and provides a general estimation of diffuse
radiation for the U.S. Egs. (17)—(19) are generally valid
for instantaneous or short timesteps (i.e., for use in
numerical-based solutions) and for 24-h timesteps (for
use in analytical solutions) (Allen, 1996; ASCE-EWRI,
2005).

For instantaneous calculations, sun angle 8 above the
horizontal is calculated as:

sin B = sin ¢ sin§ + cos ¢ cos §cos w (20)

For daily (24-h) time periods, the average value of
sin B, weighted according to R,, is calculated by
integrating the product of solar elevation above a
horizontal surface (to represent beam path length)
(Eq. (20)) and solar intensity on an inclined surface, as
represented by cos 6 (Eq. (3)). The weighted average
sin B is required in Eq. (17) to improve accuracy of
the Kp, estimate when applied to 24-h periods, as
this represents the mean relative path length through
the atmosphere. The integration is performed over
the day where limits @, and w, represent the beginning
and ending of the daylight period as previously
defined:

sin By,
fg’f;: (—a + bcos(w) + ¢ sin(w))(sin(8) sin(¢)
+cos(8) cos(¢) cos(w)) dw
[ (—a + beos(w) + csin(w)) dw

l24

21
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Table 1

Definitions of parameters fi—f5 for use in Eq. (22) (limits w;,,, ws,, are as defined in the previous section on computing cos 6 and limits wy,,, and

wy,,, are developed in Appendix A)

Parameter Formula for ‘f parameter for one Formula for ‘f parameter for two integration
integration period per day periods per day using limits from Appendix A

f sin(wy,, ) — sin(wi,,) sin(wa,,, ) — sin(wi,, ) + sin(ws,,) — sin(wi,,)

5 cos(wy,, ) — cos(wi,, ) cos(wa,,, ) — cos(wy,, ) + cos(wa,,) — cos(wi,,, )

E W2y — Wiy, @2y, = Wiy, T W2y, — Dy

fa sin(2w,,, ) — sin(2w,, ) sin(2wy,,, ) — sin(2wi,, ) + sin(2w,,, ) — sin(2w,,,)

s sin?(wa,, ) — sin*(w1,,) sin?(wa,,) — sin*(wiy,) + sin*(wa,, ) — sin® (w1, )

Integration of (21) and combination of terms
produces:

sin By,

_ [bg — ah] f — cg f, +[0.5bh — ag] f;
+0.25bh f4 + 0.5¢h £

bfi—cf,—afs

with parameters f,—f5 defined in Table 1 and a-h
defined in Table 2. Eq. (22) represents a complete
integrated weighted average sin 8 for a 24-h period,
where weighting is made according to potential solar
intensity. Eq. (22) applies to any slope, aspect, latitude
and time of year and is used to produce sin 8,4 to be
used in place of sin 8 in Eq. (17) when applied to 24-h
timesteps. The value for sin f,4 should be limited
to >0.

(22)

3.1. Clear sky radiation for horizontal surfaces

For horizontal areas (i.e., slope = 0), the 24-h clear
sky solar radiation is calculated as:

Roo24),,, = | KBo(24),, T KDo(24),,, | Ra(24),,, (23)

where Ro(24),,,, and Ra(24),,, are 24-h clear sky global
and extraterrestrial solar radiation received on a hor-
izontal surface, respectively. Units are typically
expressed as average W m 2 of surface over the 24-
h period. The direct beam and diffuse radiation com-
ponents for 24-h periods on horizontal surfaces under
clear sky conditions (Rpo(2),,, and Rpo(a),,) are

hor

Table 2
Equations for parameters a, b, ¢, g and & in Eq. (22)

a = sin(8) cos(¢) sin(s) cos(y) — sin(8) sin(¢) cos(s)
b = cos(8) cos(¢) cos(s) 4 cos(8) sin(¢) sin(s) cos(y)
¢ = cos(8) sin(y) sin(s)

g = sin(8) sin(¢)

h = cos(8) cos(¢)

separately:
Rio24),,, = Kpo(24),, Ra24)r 24
Rpo(24),,, = Kpo(24),, Ra24),,, (25)

where Kgo(24),,, and Kpo(24),,, are effective mean
transmittances for direct beam (from Eq. (17)) and
diffuse radiation (from Eq. (19)) over daylight periods
for horizontal surfaces under clear sky. In calculation
of Kpgo(24),, using Eq. (17), the cos6-weighted
sin B,4 calculation is simplified for the horizontal
surface to:

sin ,324]1nr
2g%ws + 4ghsin(ws) + h* <ws +1 sin(ZwS))

2(gws + hsin(ws))

(26)
for horizontal surfaces, where
g = sin(é8) sin(¢) 27
h = cos(8) cos(¢) (28)

The numerator of Eq. (26) was derived by integrating
cos? 6 for horizontal surfaces, since cos 0 serves as both
the weight and as the direct equivalent of sin 8 when
surfaces are horizontal.

3.2. Clear sky radiation for inclined surfaces

The solar radiation received on inclined surfaces is
generally estimated by combining components of direct
beam radiation, diffuse radiation, and radiation
reflected toward the incline:

Ryo(24) = RBo(24) + Rpo(24) + Rro(24) (29)

where Rso(24)v RB0(24)’ RD0(24)’ and Rr0(24) are the 24-h
averages for global, direct, diffuse, and reflected solar
radiation received by an inclined surface under clear
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sky conditions. The magnitudes of components in (29)
represent energy intensity at normal angles to the
slope.

The direct component of global radiation received by
the inclined surface is:

Rpo(24) = KBo(24)Ra(24) (30)

where Kpo4) is 24-h effective beam transmittance for
the inclined surface under cloudless conditions, and is
calculated using Eq. (17), using Eq. (22) for sin(B,4),
where sin(f,4) varies with slope and aspect.

The diffuse irradiance on an inclined surface under
clear sky conditions is computed as some fraction or
ratio, fi,, of diffuse irradiance on a horizontal surface,

RD0<24)h0r:
Rpo4) = fiaRpo(24),,, (31

Models for predicting solar radiation generally differ
in the calculation of diffuse sky radiation, due to the
empiricism of estimation approaches (Perez et al.,
1990). Diffuse models for slopes are commonly
isotropic or anisotropic, where isotropic models assume
diffuse radiation has the same intensity from all
directions. Anisotropic models, such as those by Hay
(1979), Reindl et al. (1990) and Perez et al. (1990)
estimate different intensities of diffuse radiation from
different regions of the atmosphere and relative to sun
angle.

Isotropic approaches (Duffie and Beckman, 1980)
estimate f;,, known as the sky-view factor (Marks et al.,
1979), as a simple function of the cosine of slope by
setting fi, =f; in Eq. (31), where f;= (1 + cos(s))/2,
stemming from integration of isotropic diffuse condi-
tions over a vertical plane normal to the slope—
horizontal interface. Revfeim (1978) showed that
integration is more accurately made over a series of
vertical planes having a variety of angles to the slope—
horizontal interface. His solution for f;, as presented in
his Table 1, is well approximated as an average of the
general cosine function and a simple linear function of
slope as used, for example, by Tian et al. (2001) where
fi=(w — s)/m, resulting in:

14+cos(s T—s
<%()+T)

2
0.5

= 0.75 + 0.25 cos(s) — —2 (32)
T

fi=

The assumption of isotropic diffuse radiation is
reasonable when there is uniform cloud cover or when
the atmosphere is hazy (Duffie and Beckman, 1991).

For clear sky conditions, the assumption of an
anisotropic behavior of diffuse radiation is considered
to be more accurate (Perez et al., 1990; Hay, 1979;
Reindl et al., 1990), where circumsolar enhancement of
diffuse radiation in the vicinity of the sun and near the
horizon is considered. Anisotropic models have been
extensively used for predicting diffuse radiation on an
hourly-basis (Perez et al., 1990; Reindl et al., 1990;
Robledo and Soler, 1998; Diez et al., 2005) and a few
applications using daily data have been reported
(Collares-Pereira and Rabl, 1979, Hay, 1993; Nijmeh
and Mamlook, 2000; Zeroual et al., 1996). In the case of
anisotropic diffuse radiation, f;, is calculated for clear
sky conditions following Reindl et al. (1990):

Jia = (1 - KBOhor)

Kg 0.5 s
X (14| =——2o ) sin® (—)) ;
( (KBOhor + KDohur 2 f
+ fBKBow (33)

where f; is from Eq. (32). Parameter fg, the ratio of
expected direct beam radiation on the slope to direct
beam radiation on the horizontal surface, is calculated
as:

fB _ Kpo R,

KBOhor Rahor

(34)

where the inclusion of the ratio Kgo/Kgo,, in the
calculation of f is a new addition to represent differ-
ences in direct beam components caused by differences
in mean solar elevation for the two projections. The
ratio of direct beam transmissivity under cloudless
conditions for the slope (Kp,) to that for the horizontal
(KBoy,,) is used to represent both cloudless and cloudy
conditions for general application. Kg, is calculated
from Eq. (17) using sin B from (20) for instantaneous or
from (22) for 24-h timesteps. Kg,,, is calculated from
Eq. (17) using sin B from (20) for instantaneous or from
(26) for 24-h timesteps. The differences in sin 8 can
vary between the two calculations, depending on slope
and aspect. For instantaneous applications, the direct
beam coefficients are equal and Eq. (34) reverts to
expressions by Revfeim (1978) and Tian et al. (2001)
that use only the ratio of extraterrestrial radiation on
sloping and horizontal surfaces for 24-h timesteps and
ignore the effects of differences in mean beam trans-
mittance. R, in (34) represents the extraterrestrial
radiation on the slope for instantaneous or 24-h periods
and is calculated from Eq. (1) using cos 6 from (3) for
instantaneous and from Eq. (6) or (49) for 24-h periods.

Ry, represents the extraterrestrial radiation for a
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horizontal surface for instantaneous or 24-h period and
is calculated from Eq. (1) using cos 6 from (4) for
instantaneous and from Eq. (35) for 24-h periods.
For 24-h periods:

Rayny = 7 (sin(8) sin(¢p)ws + cos(8) cos(¢) sin(ws))
bIe
(35)

Reflected radiance from surfaces in view of the
inclined surface is estimated by assuming that both the
beam and the diffuse radiation reflect isotropically from
a horizontal surface at the foot of the inclined slope
(Tian et al., 2001; Li et al., 2002; Duffie and Beckman,
1991). This is a reasonable and common assumption for
unknown specific surface conditions at a point and at
surrounding points, so that:

Rio24) = Ryo2aypor(1 — f3) (36)

where « is the average albedo of the surrounding ground
surface below the inclined surface. Typical values for o
are 0.15-0.25 for grasses, 0.10-0.15 for coniferous
forest, 0.15-0.25 for deciduous forest, 0.04-0.08 for
open water, and 0.15-0.35 for bare soil (Brutsaert,
1982). When measuring Rs on slopes where the sen-
sor(s) is placed near the intersecting horizontal surface
(i.e., within 10 m of the horizontal surface), any direc-
tional anisotropic reflectances from the horizontal sur-
face will be manifested in the measurements and may
cause deviation from R, modeled for extensive slopes
(Ineichen et al., 1987).

Eq. (29) is applied for analytical solutions for 24 h
timesteps. For numerical solutions having nearly
instantaneous timesteps, Ry, for a slope is calculated as:

Ry = KpoRy + (fiaKDo + Ol(l - fi)[KBO + KDO])Rahcr
(37)

where Kp, is from (17) using sin 8 from (20), Kp, is
from (19) using Kg,, f; is from (32), R, is from (1) using
(3) for cos 0 and R, is from (1) using (4) for cos 6.
Parameters in (37) are solved at each instant in time or
for small timesteps.

4. Translation of measured solar radiation from
horizontal surfaces to slopes

Besides their use in estimating R, representing clear
sky conditions for sloping surfaces, the equations
defining Ky and Kp can be used to translate measured
Rs from horizontal surfaces (that measured by a leveled
pyranometer) to sloping surfaces under both clear sky
and cloudy conditions. This section describes the

application of the general model of Revfeim (1978) as
invoked by Tian et al. (2001) and other models (Reindl
et al., 1990; Ineichen et al., 1990) to translate solar
radiation measured from horizontal surfaces (i.c.,
weather stations) to sloping surfaces. The model by
Revfeim is similar to Eq. (29) in that it assembles
separate estimation or translation of direct beam, diffuse
and reflected radiation into the equivalent solar
radiation on a sloping surface (Rg):

Rs = RS, 1, (fBKBhUrJr fia%+ a(l - fi)> (33)
SWhor SWhor

where Rs_, is the measured global solar radiation on a
horizontal surface, fg the ratio of expected direct beam
radiation on the slope to direct beam radiation on the
horizontal surface, Kp,  the transmissivity index for
actual direct beam radiation on the horizontal surface,
Kp,, the index for actual diffuse radiation on the
horizontal surface, and tg, , is the actual atmospheric
transmissivity (direct + diffuse) for the horizontal sur-
face. Eq. (38) applies to both cloudy and clear-sky
conditions. Kg, , Kp,, and T, are all derived from
the horizontal measurement. 7y,  is calculated as:

R
TsWhor — % (39)

dhor

If the diffuse radiation component is considered to
behave isotropically, f;, =fi. Otherwise, factor f;, is
calculated assuming anisotropic diffuse radiation simi-
lar to Reindl et al. (1990):

Jia = (1 - KBhor)

KB 05 N
x (14 ([ —=B= ) sin®(2))f
( <KBhor +I<Dhor) <2)> f
+ fBKBhor (40)

Eq. (40) is the same as Eq. (33) except that Kp, _is used
rather than Kg,, . KB, , is derived from the actual Rg
measurement as a function of 7, from Eq. (39) using
a combined function based on Eq. (19a) for clear and
partly cloudy conditions (tsy,, > 0.42) and a general
function from Vignola and McDaniels (1986) for cloudy
conditions:

Kg,, = 1.567,, —0.55 for g4, >0.42 (41a)

Kg,, = 0.022 — 0.2807,, + 0.8287, +0.7651;

SWhor

for 0.175 < T4, <0.42
(41b)

Ksg,, = 0.0167y,,, for Ty, <0.175 (41c)
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Eq. (19a) was re-expressed in (41a) on the basis of
Tsw,,- 1rezza and Allen (2006) found Eq. (41b) and
(41c) from Vignola and McDaniels to estimate diffuse
radiation measured at the Desert Rock weather station
in Nevada (NOAA-SURFRAD, 2006) more accurately
than equivalent equations based on (19b) and (19c¢)
under fully cloudy conditions (zg,, < 0.42) (data
not shown).

Parameter Kp, is calculated as the difference
between T, and Kp, :

Kby = Townoe — KBy (42)

Egs. (41) and (42) apply well to both instantaneous and
24-h timesteps. Generally, 24-h timesteps are utilized in
analytical processing models. The value for 7y, from
Eq. (39) is sensitive to atmospheric pressure, which
changes with elevation. Therefore, the theoretical value
for fg calculated from Eq. (34) may in reality be
influenced by differences in Kz, which may represent
an elevation different from the location where Kp,,  is
determined. For instantaneous applications at the same
elevation, the direct beam coefficients are equal and
Eq. (34) reverts to expressions by Revfeim (1978) and
Tian et al. (2001).

Parameters f; and « in Eq. (40) have been previously
defined. In numerical applications for translating 24-h
Rs measurements to slopes, the day is divided into small
discrete timesteps, for example, of 0.15 h in length, and
fBis calculated for each discretized time-step to account
for effects of sun-angle on K, and weighting with R,.
However, values for 7y, ., KBo,, . and Kp,  in Eq. (38)
are calculated only once for the 24-h period, based on
the value for Rs = and Egs. (41) and (42). The
calculations from Eq. (38) for discretized steps are

Table 3
Location information for precision solar radiation measurement sites

averaged over the 24-h period to produce 24-h average
Rg for the sloped surface.

4.1. Equivalent solar radiation per horizontal area

The above calculations for Rg and Ry, for sloping
surfaces express radiation in W m~2 at a normal to the
sloped surface. In energy balance work, including
calculation of evapotranspiration, it is customary to
reproject radiation and other energy balance compo-
nents in terms of energy per horizontal equivalent for a
defined calculation cell to be congruent with precipita-
tion and other water balance terms. This is done for the
computed Rg and Ry, as:

Rs

R =5 _
S cos(s)

(43)

equiv_hor

where Rjg is solar radiation normal to the surface and s is
the slope. The same calculation is done for Ry,

5. Testing of the analytical functions and limits
for R, and translation of measured Rg

Precision solar radiation data measured at two
locations in the U.S. were applied to the described
model for estimating extraterrestrial and solar radiation
on inclined slopes under cloud-free conditions. The two
stations described in Table 3 were selected based on
rigorous calibration and quality control of the solar data.
The Eugene, Oregon location is a low elevation site
having dry summer and humid winter and the Golden,
Colorado location is a high elevation site having dry
summer and moderately dry, cold winter. Both of these

Station Latitude (°) Longitude (°) Elevation (m) Data used Observation Albedo used for surfaces®
Eugene, OR  44.0 —123.1 150 Rs horizontal Pacific Northwest network, —

Rs 30° South facing  University of Oregon 0.20

Rg 45° South facing 0.20

Rs 90° South facing 0.05

Rs 90° North facing 0.05

Relative humidity

Air temperature
Golden, CO  39.74 —105.18 1829 Rs horizontal Solar Radiation Research 0.2 for all surfaces

Rs 40° South facing

Laboratory (NREL) (sparse grass, light soil)

Rs 90° South facing
Rs 90° North facing
Relative humidity
Air temperature

 Different surface albedos were used for difference sensors at Eugene due to the location of the sensors on a roof top comprised of varying material
and to account for obstructions and shading of 90° sensors to reduce impacts of surface reflectance (Vignola, 2005, personal communication).
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locations were equipped with solar pyranometers facing
various directions and with various inclines. The
Golden site was surrounded by natural vegetation and
the Eugene site was on a flat roof top.

All measurements were made using Eppley precision
spectral pyranometers (PSP) that measured total solar
radiation (sum of direct and diffuse). Relative humidity
and air temperature were used to estimate vapor
pressure used in Eq. (18). All data were extracted from
internet sites maintained by the University of Oregon
and by the National Renewable Energy Laboratory.

6. Results

Fig. 1 shows extraterrestrial solar radiation (R,), clear-
sky R, envelope, and measured Rg at Golden, CO, and
Eugene OR for a horizontal surface. Each measurement
point represents 24-h average radiation over 1 day
expressed in W m ™2 The measured data that lay on or
close to the Ry, curve represent days having clear or
mostly clear skies. The agreement of the data and the
curve indicate good estimation by the Ry, method for
horizontal conditions and apparently good calibration of
the pyranometer. In all applications, K, in Eq. (17) was set
equal to 1.0 (representing clear air having little haze). No
calibration to any coefficients was done.

Figs. 2 and 3 show series of predicted clear-sky solar
radiation envelopes derived from the developed equa-
tions and measured values of solar radiation for selected
tilt angles (slopes) of sensors and south and north
orientation (aspect) for the Colorado and Eugene
locations. In general, maximum values of measured Rg
corresponded well with the clear-sky conditions pre-
dicted by the R, envelopes during all times of the year.
The right-hand column of figures in Figs. 2 and 3 show
actual Rg estimated using Eq. (35), where measured Rg on
a horizontal surface (shown in Fig. 1) was translated into

Golden, CO
600

& 500

D pmp—

£ .

= 400 e “
& 300
g

2 200
S 100

0 100 200 300
(a) DOY

o Rs measured horizontal === =Ra Rso

Rg for each of the slopes. Agreement between measured
and predicted was very good for the south facing sensors
(Fig. 2), with a similar population of data replicated.

In the case of the 90° north-facing aspects shown in
Figs. 2 and 3, no solar beam struck the surface during
fall and winter periods. Conversely, the beam struck the
surface during two different periods during the day for
days from DOY 81 to DOY 254 (spring and summer).
This combination of vertical slope and north aspect
represents an extreme condition where much, if not all,
radiation incident to the surface is from diffuse and
reflected sources. Total levels of radiation and
differences are small relative to potential radiation on
a horizontal surface, and results are considered to be
relatively good. An interesting phenomenon for the
steep north-facing slopes is that total solar radiation on
cloudy days often exceeded the ““clear-sky” Ry, curve
due to increased diffuse radiation on those days. This is
opposite the situation for gentle slopes and for all slopes
facing mostly south, where solar radiation on cloudy
days is nearly always below the clear sky curve.

In Figs. 2 and 3, the translated Rg (estimated based
on the horizontal measurements) generally followed the
estimated R, more closely than did the actual measured
Rs on the incline because the translated Rg values were
indexed to the Ry, curves. Kp, in the figures was
estimated using Eq. (41).

Figs. 4-6 show scatter diagrams of translated
(predicted from horizontal measurements) versus mea-
sured daily Rg for the series of slopes evaluated (the same
data as plotted in Figs. 2 and 3). The scatter diagrams
show relatively good agreement, with relatively low
amounts of scatter about the 1:1 line. The translated Rg
for the 90° south facing slope at Eugene exceeded
measured Rg for that slope by about 10% and agreement
for the 90° north-facing slopes, representing an extreme
condition, had poorer agreement.

Eugene, OR
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]
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Fig. 1. Extraterrestrial solar radiation (R,), clear-sky Ry, envelope, and measured Rg at (a) Golden, CO, and (b) Eugene OR for a horizontal surface

during 2002.
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Golden CO -- 2004-2005
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Fig. 2. Extraterrestrial solar radiation (R,), clear-sky R, envelopes, and measured Rs at Golden, Colorado corresponding to slopes of (a) 40° (south-
facing), (b) 90° (south-facing) and (c) 90° (north-facing) and associated predicted R for (d) 40° (south-facing), (e) 90° (south-facing) and (f) 90°

(north-facing) slopes.

Table 4 summarizes a statistical analysis of model
performance for the data sets. Error parameters included
the root mean square error (RMSE), mean absolute error
(MAE), coefficient of efficiency (E) and modified index
(d;)). These statistical indicators are defined in
Appendix B. In general, error tended to be greater for
higher slopes and for the north-facing aspect. For slopes
of 30°, 40°, and 45°, MAE was less than 7.4 W m 2. For
vertical slopes facing south, the error was 12 W m ™2 for
both Golden and Eugene. Values for E for south-facing
slopes were close to 1 (ranging from 0.955 to 0.998),
indicating good performance of the model for all
inclinations at both locations. With regard to the modified

index, d,, values for south-facing slopes ranged from 0.93
to 0.96 at Golden and from 0.90 to 0.98 at Eugene. This
indicates that the procedure was able to accurately
estimate incoming solar radiation on south facing
surfaces, given measured Rg on a horizontal surface.
Translated Rg for north-facing vertical slopes had the
highest absolute errors due to the relative small values of
solar radiation received for this extreme condition. The
modified index was relatively high for north-facing
slopes at both Colorado (0.80) and Eugene (0.70);
however, the value for £ was only moderately good in
Colorado (0.78) and was relatively poor in Eugene (0.41),
indicating that the procedure performed marginally well
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Eugene, Oregon --- 2002
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Fig. 3. Extraterrestrial solar radiation (R,), clear-sky Ry, envelope, and measured Rg at Eugene, Oregon, corresponding to slopes of (a) 45° (south-
facing), (b) 90° (south-facing) and (c) 90° (north-facing) and associated predicted Rg for (d) 45° (south-facing), (e) 90° (south-facing) and (f) 90°

(north-facing) slopes.
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Fig. 4. Translated Rs vs. measured Rg at Golden, CO corresponding to south facing slopes of (a) 40° and (b) 90°.
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Eugene, OR - 2002
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Fig. 5. Translated Rg vs. measured Rg at Eugene, OR corresponding to south facing slopes of (a) 45° and (b) 90°.
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Fig. 6. Translated Rs vs. measured Rg at (a) Golden, CO and (b) Eugene, OR corresponding to north-facing slopes of 90°.

Table 4
Results of statistical analysis on solar radiation predictions

Station Mean observed S.D. observed Mean predicted S.D. predicted R* RMSE RMSE MAE d; E
(Wm™) (Wm™) (Wm™) (Wm™) Wm™) (%)  (Wm™)

Golden, CO 40°S 234 81 233 80 0.982 149 6.4 7.39 0.962 0.986
90°S 159 73 165 72 0.983 16.6 10.4 10.56 0.930 0.967
90°N 55 21 51 26 0.849 153 27.8 11.77 0.801 0.775

Eugene, OR 30°S 173 109 173 110 0999 55 3.2 3.81 0.984 0.998
45°S 170 104 171 105 0.998 7.25 4.27 5.10 0.977 0.996
90°S 93 60 103 64 0.989 14.0 15.1 11.5 0.902 0.955
90°N 26 16 36 21 0.927 133 51.7 10.42 0.701 0.405

for these cases. On extreme north-facing slopes, the
surface does not receive any direct beam radiation during
a large portion of the year, so that the predicted solar
radiation is only diffuse radiation, which is the more
difficult solar component to estimate. During spring and
summer, steep north-facing slopes received direct beam
radiation during two separate periods during the day.

7. Conclusions

We have presented a procedure to analytically
integrate extraterrestrial radiation during 24-h periods

that can be applied to all combinations of latitude, slope
and aspect having gradual to moderate terrain rough-
ness. The developed analytical extraterrestrial radiation
component is combined with general algorithms that
consider impacts of atmospheric transmissivity and
slope on direct beam, diffuse and reflected radiation to
develop clear sky solar radiation curves that should
generally need no local calibration. The procedures are
further used to translate global solar radiation measure-
ments from horizontal surfaces to nearby slopes. New
developments reported here include a detailed proce-
dure for determining integration limits for the analytical
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solution that applies to all combinations of slope, aspect
and latitude, including steep polar facing slopes where
the sun may appear twice per day. Other developments
include an improved function describing the reduction
in hemispherical diffuse radiation with slope and
adjustment of mean daily beam transmissivity using a
weighted mean daily solar elevation. Simulated clear
sky solar radiation envelope curves and translated
measured solar radiation compared well with measure-
ments from two locations in the U.S. over a range of
slope and aspect.

Acknowledgements

We wish to acknowledge data provided by the
University of Oregon solar radiation monitoring
laboratory and the National Renewable Energy Labora-
tory at Golden, Colorado that was available for free
access via the web and was of very high quality. We
wish to thank Dr. Frank Vignola of University of
Oregon, for providing review of results and advice on
application of Oregon data. We also wish to thank the
reviewers of this manuscript whose suggestions added
much to clarity. Funding for this study stemmed from
NASA-Raytheon, University of Idaho Agricultural and
Engineering Experiment Stations, USDA-CSREES and
Sandia National Laboratories.

Appendix A. Refinement to integration limits in
Eq. 4)

The following procedure for determining the
appropriate integration limits is recommended for
application where all possible combinations of slope,
aspect and solar angle may occur, including situations
where the sun may never rise over the surface during the
day (extreme latitudes during winter), where the sun
may never set (extreme latitudes during summer), when
the sunrise time for horizontal surfaces occurs later than
the sunrise predicted for an infinite slope, when sunset
time for horizontal surfaces occurs before the sunset
predicted for an infinite slope, and where the sun
disappears from sight behind a steep slope during some
part of the day, but then reappears before final setting.
The following steps A-D are followed:

A.l. Step A. Sunset (wg) and sunrise (—ws) angles
for horizontal slopes

Angles wg and —wg are used to constrain possible
values for wi,, and w,,,. Before calculating ws,
however, the user must insure that the sun does rise

and that it does set. Otherwise numerical errors will
occur.

For the northern hemisphere (and assuming a slope
of infinite extent with the same curvature as the earth):

o If § + ¢ > m/2 then the sun never sets and there are
24 h of daylight. In this case sunset time angle ws =
and sunrise time angle —ws=—m for assessing
specific integration limits.

o If § — ¢ > 7/2 then the sun never rises and there are
24h of night. In this case, ws=—-ws=0 (.e.,
sunrise = sunset) and R,,, =0 and there will be no
estimated beam radiation on any slope.

For the southern hemisphere:

e If § + ¢ < —n/2 then the sun never sets and there are
24 h of daylight. In this case, wg =7 and —wg = —7
for assessing specific integration limits.

e If § — ¢ < —n/2 then the sun never rises and there are
24h of night. In this case, ws=—-ws=0 (.e.,
sunrise = sunset) and R,,, =0 and there will be no
estimated beam radiation on any slope.

After establishing values for wg and —wg, one
calculates cos (6, ) and cos(6_,, ) using slope and aspect
for the specific surface to produce cosines of potential
solar incidence angles when w = ws (time of horizontal
sunset) and w = —wg (time of horizontal sunrise). These
values are used during testing in steps B and C that follow.
Fig. Al shows a flow chart of calculations and
conditionals described in step B for determining the
actual sunrise limit. Step C follows a similar, and
essentially mirror image of the process of step B.

A.2. Step B. Determine the beginning integration
limit (wy,,) representing the initial incidence of the
center of the solar beam on the slope

i. Calculate sin(w;) from (13a) and apply limits so
that —1 < sin(w;) < 1.

ii. Solve for w;.

iii. Calculate cos(6,,, ) using (3) or (14) for the value w;
from step ii.

iv. If cos(f_ng) < cos(6,,) < 0.001, then the value
found for w; from (13a) is valid and it correctly
predicts the occurrence of sunrise on the slope as
being after horizontal sunrise, and with the solar
beam (disk) parallel to the slope and 0 = —n/2. This
will generally occur for slopes facing away from the
horizontal sunrise. Using the solution from (13a),
Wi, = W1.
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cos(0_,,) < cos(B,,) < 0.0017

69

Cos(s,,)

0s(6,,,,) > 0.001

no
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no

limit = - o,

limit = - @,,

Fig. Al. Schematic showing flow of calculations and conditions for determining the beginning integration limit w;,, from step B.

v. Otherwise (if iv is false), sunrise for the slope may

Vi.

Vii.

occur with the sun at some angle above the surface.

This situation generally occurs for slopes facing the

horizontal sunrise. In addition, a new candidate w;,

is evaluated that produces the same sine value as w;,

and one calculates cos(6,,, ) using (3) or (14) where

the value for w; from (13a) is corrected to

W], = —7T — Wq.

a. If cos(f,, ) > 0.001 then the lower limit of the
integration is at the sunrise hour (as computed for
a horizontal surface), and w,,, = —ws.

b. If cos(@wlx) <0.001 and w;, < —wg then the
lower limit of the integration is at the sunrise
hour (as computed for a horizontal surface), and
Wiy, = —Ws.

c. If cos(f,, ) <0.001 and w;, > —ws then the
sunrise on the slope occurs after horizontal
sunrise, and the value for ;, (where
), = —7m — wy) is the correct and viable value
for wy,,, so that wy,, = —m — w; where w, is from
(13a), with limits —1 < sin(w;) < 1 applied.

At the conclusion of the calculation of wy,,, w1,, is

compared against —ws to insure that wi,, > —ws.

This will prevent a northeast-facing slope (in the

northern hemisphere) from ‘‘seeing” the sun

through a transparent earth before the earth rises
above the flat horizon. If w,, < —ws then wy,, is
set to wy,, = —ws.

The value for w;,, resulting from steps i through vi

can be used as the lower integration limit in Egs. (5)

and (6). This value is, however, subject to further

limitations imposed under step D below to insure
numerical stability.

A.3. Step C. Determine the ending integration limit
(w2,,) representing the final incidence of the center
of the solar beam on the slope

i.

ii.
iii.

iv.

Calculate sin(w,) from (13b) and apply limits so
that —1 < sin(w,) < 1.

Solve for w,.

Calculate cos (6., ) using (3) or (14) from the value
w, from step ii.

If cos(fug) < cos(f,,) <0.001, then the value
found for w, from (13b) is valid and it correctly
predicts the occurrence of sunset on the slope as
being before horizontal sunset, and with the solar
beam (disk) parallel to the slope and 6 = 7/2. This
will generally occur for slopes facing away from the
horizontal sunset. Using the solution from (13b),
W2,, = W3.

. Otherwise (if iv is false), sunset for the slope may

occur with the sun at some angle above the surface.
This situation generally occurs for slopes facing the
horizontal sunset. In addition, a new candidate w,,
is evaluated that produces the same sine value as w,,
and one calculates cos(6,, ) using (3) or (14) where
the value for w, from (13b) is corrected to
Wy =TT — Wy.
a. If cos(6,, ) > 0.001 then the upper limit of the
integration is at the sunset hour (as computed for
a horizontal surface), and w»,, = ws.
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b. If cos(f,, ) < =0.001 and w;, > ws then the
upper limit of the integration is at the sunset hour
(as computed for a horizontal surface), and
w2,, = Ws.

c. If cos(fy, ) <0.001 and w;, < ws then the
sunset on the slope occurs before horizontal
sunrise, and the value for @, ~ (where
wy, =7 — wy) is the correct and viable value
for w;,,, so that w,,, =7 — w,, where w, is from
(13b), with limits —1 < sin(w,) < 1 applied.

vi. At the conclusion of the calculation of wy,,, w2, is
compared against wg to insure that w,,, < ws. This
will prevent a northwest-facing slope (in the
northern hemisphere) from ‘seeing” the sun
through a transparent earth after the earth sets
below the flat horizon. If w;,, > ws then w,,, is set
to wy,, = ws.

vii. The value for w,,, resulting from steps i through vi
can be used as the upper integration limit in Eqgs. (5)
and (6). This value is, however, subject to further
limitations imposed under step D below to insure
numerical stability.

A.4. Step D. Additional limits on wy,, and w,,, for
numerical stability and twice per day periods of sun

In all cases, additional conditions are evaluated for
the values of w1,, and w»,, determined from steps B and
C to insure numerical stability of computations.
Situations of numerical instability occur when slopes
are steep and northerly facing in northern latitudes or
southerly facing in southern latitudes so that the slope
may be shaded during all or portions of the day:

i. The argument of the quadratic function in (13a) and
(13b) must be limited to >0 for numerical stability.
Therefore, if the argument is O or less, it is set equal
to 0.0001.

ii. The value wy,, must be <w,,, (i.e., sunrise occurs
before sunset). If wy,, < wy,, then wy,, = ws,, (i€,
no direct beam during the day). The incidence of
calculated wi,, > w,,, indicates that the slope is
always shaded.

iii. The values for sin(w;) and sin(w,) from (13a) and
(13b) must be within the intervals —1 < sin(w;) <1
and —1 < sin(w,) < 1 for numerical validity before
computing the arcsine functions (in steps ii under B
and C). If the sin(w) or sin(w,) are outside the limits
of the interval (i.e., —1 and 1), then they are set equal
to the limit.

iv. Two separate periods of beam radiation within a day.
The integration of Eq. (5) and application of Eq. (6)

presumes that there is a single, continuous daylight
(direct beam) period during the day. In areas having
steep slopes away from the sun, one must identify
situations where the sun beam strikes the surface
during two separate portions of the day. This situation
can occur on relatively steep slopes facing away from
the noontime sun during summer. In these situations,
the slope may see the sun at sunrise, but then have the
sun disappear behind the slope during midday, and
then reappear before final sunset. These types of
integration limits have not been reported elsewher-
e. To test whether a situation of two periods of direct
beam radiation can potentially occur, Eq. (7) is
solved, and if true (sin s > sin ¢ cos § + cos ¢ sin J)
then the slope exceeds the solar angle at solar noon
and the possibility exists for two periods of direct
beam radiation.

Therefore, the following sequence of conditionals
should be applied to determine whether midday shading
does occur so that two sets of integrations can be
calculated and applied.

To identify situations where the sun beam strikes the
surface during two separate portions of the day, four int-
egration limits for (5) need to be defined and quantified:

a. wy,, the time angle when the center of the solar disk
strikes the surface the first time.

b. wy,,, the time angle when the center of the solar disk
disappears the first time.

C. wy,,, the time angle when the center of the solar disk
reappears over the surface.

d. w»,, the time angle when the center of the solar disk
disappears (sets) for the second (and last) time.

The following procedure quantifies these four
integration limits and is applied when (sins >
sin ¢ cos 8 + cos ¢ sin J):

a. w1,, and wy,, are calculated as described under steps
B and C and limits are checked as described under
steps D i-iii.

b. The candidates for intermediate integration limits
w2,,,, and wy,,, are:

_ac—i—b\/bz—&—cz—a2

sin(A 44a

infa) = “ET (@4a)
ac — b\ b* + 2 —a

in(B) = 44b

sin(B) B+ (440)

where a, b, and c are defined in Eq. (11a)-(11c).
Eq. (44a) is equivalent to (13b) listed earlier and



R.G. Allen et al./Agricultural and Forest Meteorology 139 (2006) 55-73 71

(44b) is equivalent to (13a), where angles A and B are
temporary variables to be solved.

. The values for sin(A) and sin(B) are limited to
—1 <sin(A) <1 and —1 <sin(B) < 1 before con-
version to values A and B.

. The candidates for w,,, and wi,, are solved as:

,,, = min(A, B) (45)
w1,,, = max(A,B) (46)

The predictions for w,,, and wy,, are preliminary
and may need adjustment to compensate for the
occurrence of two unique values for w,, and for
w1,,,, given values for sin(A) and sin(B). Therefore, a
process similar to that used under steps ii—iv of steps
B and C is applied. This process applies Eq. (3) or its
simplified equivalent (14) to solve for cos(f,, ) and
cos(@wlb) where COS(szb) is the solution from (3) or
(14) for = w,,,, and cos(d,, ) is the solution from
(3) or (14) for w = wy,,,. The values for w,,, and
w1,,, are then modified according to the outcome for
cos(@w2b ) and cos (6, ) as discussed in the following
paragraph.

. Eq. (14) is applied to parameters wy,,, and wi,, to
calculate incidence angles:

c08(0,,,) = —a + bcos(wy,,,) + csin(wy,,) (47a)
c0s8(0,,,) = —a + bcos(wy,,,) + ¢sin(wy,, )
(47b)

where a, b, and c are constants for a given day,
latitude, slope and slope azimuth and are defined
in (11a)-(11c). The values for cos(f,, ) and
cos(6,,,) from (47a) and (47b) are evaluated using
the following conditionals:

If c08(6y,) < —0.001 or cos(f,,, ) >0.001

then wy,, = —m — wo,, (48a)
and
If co8(6y,,) < —0.001 or cos(f,,,)>0.001
then wy,, =7 — w1, (48b)

where wy,, and wy,,, are the values that were used in
(20).

. In addition, the following constraints are imposed on
final values for w,,, and w,, :

W2y, = W1y, (49a)
WOloy, < W2y, (49b)

These two constraints are used in two ways. First,
they are used to limit the values for w,,, and w1,,,

before application of (50) and (50) below. Sec-
ondly, and as important, they can be used as an
initial ““filter”” to determine whether there is only a
single period of beam radiation occurring during
the day, so that the following (50) does not need to
be computed. This can improve computational
efficiency.

. Therefore, if either of the above constraints ((49a) and

(49b)) are false, i.e., if w,,, <wi,, orif w,, <ws,,
then there is only a single beam period for the day and
application of (50) and (51) is not required. However,
if it is convenient to apply (50) and (51) for all pixels,
for example during a spreadsheet or other application,

then it is necessary to constrain ws,, and wp,, as
noted by (49a) and (49b).

. Satisfaction of constraints (49a) and (49b) does not

necessarily indicate two periods of beam radiation
during a day. To verify the condition where the day
is broken into two separate periods of beam
radiation, Eq. (5) (the integration of cos(d)) is
applied using the integration limits of ws,,, t0 w1,
(after application of constraints of (49a) and
(49b)). This is the period where the sunbeam is
potentially blocked by the slope. The integration
for this period is:

@logy
X= / cos(0) dw
w

= sin((S) Sln(¢) COS(S) (w124b - w224b)
- sin(S) COS(¢) sin(s) COS(V) (a)124b - w224b)

+ cos(8) cos(¢) COS(S) (sin(a)]24b) - Sin(w224b))

(Sln(wlz4b) (w274b))

— cos(8) sin(s) sin(y)(cos(w1,,, ) — cos(wa,,,))
(50)

i. If X < 0, the sunbeam does disappear from view of

the slope during the period w»,,, to wy,,, and R,,, is
then computed by summing the integration of (5) for
the two periods separated by w,,,, and wy,,,:

G w2 [07)
Ry, = 2 [ / ™ cos(6) dew + / * cos(6) dw}

dZ
log Dlogp

(S

j. Otherwise, if X from (50) is >0, then the sunbeam

is visible during a single portion of the day, only,
and the single integration of (5) is carried out
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using the integration limits w,, and w,, as in
Eq. (6).

Appendix B. Equations used for statistical
analysis

The following equations for statistical error para-
meters follow Legates and McCabe (1999):

a. Mean absolute error (MAE):

Zil |0i - Pi|
N

where O and P are observed and predicted values, N
is the number of observations, and MAE is the mean
absolute error expressed in the same units of O and P.
MAE describes mean absolute difference between
model observations and simulations in units of the
variable.

b. Modified index of agreement (d;):

N
di:1.0—< - 2= (0 = P) ) (53)
2= (IPi = Ol +0: = 0))

where d; ranges between 0 and 1.0. Higher index
values represent superior performance of the model.
c. Coefficient of efficiency (E):

_ 1o (Zh0=P)
E=10 <2§V1(0,-—0)2) (54)

Physically, E is the ratio of the mean square error to the
variance in the observed data, subtracted from unity.
The coefficient of efficient (E) ranges from minus in-
finity to 1.0, where higher values indicate better perf-
ormance. A value of zero indicates that the observed
mean value is as good a predictor as the model, while
negative values indicate that the observed mean is a
better predictor than the model (Legates and McCabe,
1999).

MAE = (52)
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